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Abstract
We extend the Trotter–Kato theorem on C0-semigroups to local convoluted semigroups
on dual spaces and apply these results to the general Banach space setting. Compared
to known results we obtain weaker convergence assumptions on the resolvent.  2002
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Introduction
Given a closed operator A :D(A)→ X in some Banach space X and some
continuous function f : [0, τ ] → R (or C) we consider the abstract Cauchy
problem
Aux(t)+ f (t)x = u′x(t) for all 0 t  τ, ux(0)= 0
if x ∈X.
Many (partial) differential equations can be written in this form; thus they can
be explored in this general context.
If f is, say, C∞, then the best that can happen is that A generates a
C0-semigroup. In this case the abstract Cauchy problem is uniquely solvable for
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all x ∈ X. On the other hand, if f (0) 	= 0 and the abstract Cauchy problem is
uniquely solvable for all x ∈X, then A generates a C0-semigroup. This is covered
by the Hille–Yosida theorem.
The notation of n-times integrated semigroups introduced by Arendt [1] is the
natural generalization of C0-semigroups, since the nth integral of the problem
Aux(t)+ x = u′(t), ux(0)= 0
is
Avx(t)+ tnx = vx(t), vx(0)= 0. (1)
If this abstract Cauchy problem (1) has a unique solution for all x ∈ X, then A
generates a n-times integrated semigroup. Here, in contrast to C0-semigroups,
D(A) need not be dense in X. It is a generalization, since in problem (1) the
inhomogeneity tn can be replaced by tn + h(t), where h is Cn+1.
On n-times integrated semigroups see besides [1] also [2–10].
Finally the notation of local convoluted semigroups introduced by [11] is the
natural generalization of n-times integrated semigroups. We will define them
below.
On local convoluted semigroups see besides [11] also [12–15].
The usual strategy to solve an abstract Cauchy problem is to estimate the norm
‖R(λ,A)‖ of the resolvent of A. After that one tries to apply known generation
theorems on the Laplace transform, which are easy to formulate in the complex
case. If, roughly spoken, R(λ,A) is some Laplace transform, then the problem is
solvable.
In this paper we aim to solve a given abstract Cauchy problem by approxi-
mation; that is, a (difficult) problem is transformed into some sequence of (easy)
problems converging in a specific sense. In literature, with the exception of [16],
one must know the resolvents of the approximation operators. We follow and gen-
eralize this idea.
In Section 1 we give the basic definitions and theorems important for our
further results.
In Section 2 it turns out that is is suitable to consider first Sobolev solutions of
abstract Cauchy problems in dual spaces X∗. In this case we can use the concept
of weak-∗ convergence, which is enough to obtain the desired results, and not
norm convergence as in the known results [17–20].
We give a (simple) example to illustrate the advantage over known results even
in the case of n-times integrated semigroups.
The loss of regularity that appeared so far disappears if one considers not A
but the trace AD(A) of A, that is,
AD(A) :
{
x ∈D(A) |Ax ∈D(A)}→D(A), x →Ax.
In Section 3 we apply these results to arbitrary Banach spaces. The weak-∗
convergence now turns to the weak convergence.
Finally an example illustrates the connection between the last two sections.
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Section 1
If f is some integrable function, if k ∈N0 and τ > 0, then f [k] denotes the kth
integral of f , that is, f [k+1](t)= ∫ t0 f [k](s) ds, and fˆτ (λ)= ∫ τ0 e−λtf (t) dt is the
finite Laplace transform of f .
X always is some Banach space.
We first collect some well-known facts and basic definitions on abstract
Cauchy problems.
Definition 1. Let τ > 0, A :D(A) → X be a closed operator, and f ∈
C([0, τ ],K).
Suppose the abstract Cauchy problem
Au(t)+ f (t)x = u′(t) for all t ∈ [0, τ ],
u(0)= 0,
u ∈ C1([0, τ ],X)
has a unique solution ux for all x ∈X.
Then we call the family (S(t))0tτ of linear operators given by
S : [0, τ ]→ Lin(X), S(t)x = u′x(t)
the local f -convoluted semigroup on [0, τ ] generated by A.
We note that S(0) 	= 0 is possible.
It is known that S(t) is linear and bounded, and that sup0tτ sup‖x‖1 ‖u′x(t)‖
<∞, see [21].
If f ∈ C1([0, τ ],K) with f (0)= 0 the following well-known equation can be
established (see, e.g., [15]):
If x ∈X and α,β  0 with α + β  τ , then
S(α)S(β)x =
α+β∫
α
f ′(α + β − r)S(r)x dr −
β∫
0
f ′(α + β − r)S(r)x dr.
If especially f (t) = tn/n! for some n ∈ N0, then (S(t))0tτ is called the
n-times integrated semigroup generated by A. If n = 0, then A generates a
C0-semigroup.
Definition 2. Let I ⊂ R be a closed interval with left end point a ∈ R and
nonempty interior, and ϕ : I → X be a function. For 1  p <∞ we define the
p-variation of ϕ by
‖ϕ‖Vp = sup
{(
n−1∑
k=0
‖ϕ(tk+1)− ϕ(tk)‖p
(tk+1 − tk)p−1
)1/p ∣∣∣∣∣
n ∈N, a  t0 < t1 < · · ·< tn, tj ∈ I
}
,
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and the ∞-variation of ϕ by
‖ϕ‖V∞ = sup
{‖ϕ(s)− ϕ(t)‖
s − t
∣∣∣∣a  s < t, s, t ∈ I}.
For 1  p ∞ the normed linear space Vp(I,X) consists of all functions
ϕ : I →X of bounded p-variation with ϕ(a)= 0.
PVp(I,X) is the space of all functions ϕ : I →X with x∗ ◦ ϕ ∈ Vp(I,K) for
all x∗ ∈X∗.
The V1-variation of ϕ is also simply called the variation of ϕ.
Theorem 3 (Phragmén–Doetsch inversion formula). Let 1 < p  ∞, ϕ ∈
PVp([0, τ ],X) and f (λ) =
∫∞
0 e
−λt dϕ(t) be the Laplace–Stieltjes transform
of ϕ. Then we have for all t  0
ϕ(t)= lim
n→∞
∞∑
j=1
(−1)j+1
j ! e
tnjf (nj),
where the convergence is uniform on [0,∞) as n tends to infinity.
If (ak)k ⊂X is a sequence in X such that
lim sup
k→∞
ln‖ak‖
k
−τ !⇐⇒ lim sup
k→∞
k
√‖ak‖ e−τ
for some τ ∈ (0,∞], then (ak)k vanishes through application of the Phragmén–
Doetsch inversion formula, i.e.,
lim
n→∞
∞∑
j=1
(−1)j+1
j ! e
tnjanj = 0 for all t ∈ [0, τ ).
This is proved directly by showing that in this case we have
lim
n→∞
∞∑
j=1
1
j !e
tnj‖anj‖ = 0 for all t ∈ [0, τ ).
Lemma 4 (Fundamental lemma). Let τ > 0, F : [0, τ ]→X integrable, A :D(A)
→ X be a closed operator and u : [0, τ ] → X be absolutely continuous,
differentiable almost everywhere, and u′ ∈ L1. Then the following assertions are
equivalent:
(1) u solves the abstract Cauchy problem{
Au(t)+ F(t)= u′(t) for almost all t ∈ [0, τ ],
u(0)= 0.
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(2) uˆτ (λ) ∈D(A), and
(λ−A)uˆτ (λ)= F̂τ (λ)− e−λτ u(τ ) for all λ ∈K.
(3) uˆτ (k) ∈D(A) for all k ∈N+, and there is some sequence (ak)k ⊂X with
lim sup
k→∞
ln‖ak‖
k
−τ
such that
(k −A)uˆτ (k)= F̂τ (k)− ak for all k ∈N+.
A proof of the Phragmén–Doetsch inversion formula (if p = ∞) and the
fundamental lemma can be found in [9]. We note that the Ljubicˇ uniqueness
theorem [22] follows directly from the fundamental lemma.
Section 2
Lemma 5. Let X be a Banach space, D(An) ⊂ X some subspaces, An :D(An)
→ X closed operators, τ > 0, 1 < p ∞, fn : [0, τ ] → K a sequence of inte-
grable functions converging in L1 to some function f with
lim
λ,n→∞ e
λτ
∣∣(fn)∧τ (λ)∣∣=∞ (2)
and
lim inf
λ→∞
ln |fˆτ (λ)|
λ
 0. (3)
Suppose the abstract Cauchy problem
Anux,n(t)+ fn(t)x = u′x,n(t) for almost all t ∈ [0, τ ],
ux,n(0)= 0,
ux,n ∈ Vp([0, τ ],X) differentiable a.e. with u′x∗,n ∈ Lp
has unique solutions ux,n for all x ∈X and all n ∈N satisfying
sup
n
‖u′x,n‖Lp <∞ for all x ∈X.
Then there are numbers ω1 > 0 and n0 > 0 such that R(λ,An) exists for all
λ > ω1 and all n > n0, and
e−λδ lim sup
n
‖R(λ,An)‖ λ→∞−→ 0 for all δ > 0.
Moreover,
sup
n
sup
‖x‖1
‖ux,n‖Vp <∞.
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Proof. The operators
Hn :X→X,
Hnx :=Anu[1]x,n(τ )= ux,n(τ )− f [1]n (τ )x
are uniformly bounded, since supn sup‖x‖1 ‖ux,n‖Vp <∞.
If λ ∈K and n ∈N we consider the operators
Jλ,n := λ
(
f [1]n
)∧
τ
(λ) id−e−λτHn ∈L(X).
From Eq. (2) it follows that there are numbers ω1 > 0 and n0 > 0 such that
λeλτ
∣∣(f [1]n )∧τ (λ)∣∣> 1+ 2 sup
n
‖Hn‖
for all λ > ω1 and all n > n0.
From
Jλ,n
λ
(
f
[1]
n
)∧
τ
(λ)
= id− Hn
λeλτ
(
f
[1]
n
)∧
τ
(λ)
=:Mλ,n
it follows that M−1λ,n exists if λ > ω1 and n > n0, and
M−1λ,n =
∞∑
k=0
(
Hn
λeλτ
(
f
[1]
n
)∧
τ
(λ)
)k
.
Consequently ‖M−1λ,n‖ 2, and
J−1λ,n =
M−1λ,n
λ
(
f
[1]
n
)∧
τ
(λ)
if λ > ω1 and n > n0.
From the fundamental lemma it follows that for all n, all λ ∈K, and all x ∈X
(λ−An)
τ∫
0
e−λtu[1]x,n(t) dt =
(
f [1]n
)∧
τ
(λ)x − e−λτu[1]x,n(τ ),
thus
(λ−An)
τ∫
0
e−λt du[1]x,n(t)= Jλ,nx.
From that it follows that R(λ,An) exists if λ > ω1 and n > n0, and
R(λ,An)Jλ,nx =
τ∫
0
e−λt du[1]x,n(t).
We have
C. Müller / J. Math. Anal. Appl. 269 (2002) 401–420 407
sup
‖x‖1
∥∥u[1]
J−1λ,nx,n
∥∥
Vp
 1‖Jλ,n‖ sup‖x‖1
∥∥u[1]x,n∥∥Vp
 const
∥∥J−1λ,n∥∥ 2 const
λ
∣∣(f [1]n )∧τ (λ)∣∣ ,
thus, if λ > ω1, n > n0 and 1/p+ 1/q = 1,
‖R(λ,An)‖
( τ∫
0
e−λqt dt
)1/q
2 const
λ
∣∣(f [1]n )∧τ (λ)∣∣ .
Together with inequality (3) this shows that, if δ > 0,
e−λδ lim sup
n
‖R(λ,An)‖ λ→∞−→ 0. ✷
Theorem 6. Let Z ⊂ X∗ be a closed subspace, D(An) ⊂ Z some subspaces,
An :D(An) → Z closed operators, τ > 0, 1 < p ∞, fn : [0, τ ] → K a se-
quence of integrable functions converging in L1 to some function f such that
conditions (2) and (3) are satisfied.
Suppose the abstract Cauchy problem
Anux∗,n(t)+ fn(t)x∗ = u′x∗,n(t) for almost all t ∈ [0, τ ],
ux∗,n(0)= 0,
ux∗,n ∈ Vp([0, τ ],Z) differentiable a.e. with u′x∗,n ∈Lp
has unique solutions ux∗,n for all x∗ ∈Z and all n ∈N satisfying
sup
n
‖u′x∗,n‖Lp <∞ for all x∗ ∈Z.
Then there are numbers ω1 > 0 and n0 > 0 such that R(λ,An) exists for all
λ > ω1 and all n > n0.
If D(A) ⊂ Z is some subspace, A :D(A)→ Z is linear with N ∩ (ω,∞) ⊂
ρ(A) for some ω > 0 and with
R(λ,An)x
∗(x) n→∞−→ R(λ,A)x∗(x) (4)
for all x∗ ∈ Z, all x ∈ X, and all λ ∈ N with λ > max{ω1,ω}, then the abstract
Cauchy problem
Awx∗(t)+ f [1](t)x∗ =w′x∗(t) for all t ∈ [0, τ ],
wx∗(0)= 0,
wx∗ ∈C1([0, τ ],Z)
(5)
has a unique solution wx∗ for all x∗ ∈Z; i.e., A generates a local f [1]-convoluted
semigroup on [0, τ ].
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Remark. We have w′x∗ ∈ Vp([0, τ ],Z); thus if Z has the Radon–Nikodym
property then the abstract Cauchy problem
Avx∗(t)+ f (t)x∗ = v′x∗(t) for almost all t ∈ [0, τ ],
vx∗(0)= 0,
vx∗ ∈ Vp([0, τ ],Z) differentiable a.e. with v′x∗ ∈ Lp
has a unique solution vx∗ for all x∗ ∈ Z.
Proof. Let y ∈X and x∗ ∈Z and consider the function sequence
kn : [0, τ ]→K, kn(t)= ux∗,n(t)(y),
which is uniformly bounded in Vp([0, τ ],K). From the theorem of Helly and
Bray (see [23]) and the Approximation theorem (see [9]) it follows that it contains
some subsequence (kln)n converging pointwise (and therefore uniformly) to some
Vp-function K : [0, τ ]→K, satisfying
τ∫
0
e−λt dkln(t)
n→∞−→
τ∫
0
e−λt dK(t) for all λ ∈K.
Let (kmn)n be another subsequence converging pointwise (and therefore uni-
formly) to some Vp-function M : [0, τ ]→K.
We show K= M:
First we note that, for all λ ∈K,
τ∫
0
e−λt dk[1]ln (t)
n→∞−→
τ∫
0
e−λt dK[1](t) for all λ ∈K
and
τ∫
0
e−λt dk[1]mn(t)
n→∞−→
τ∫
0
e−λt dM[1](t) for all λ ∈K.
From the fundamental lemma it follows that
τ∫
0
e−λt du[1]x∗,n(t)= (fn)∧τ (λ)R(λ,An)x∗ − e−λτR(λ,An)ux∗,n(τ )
for all n > n0 and all λ > ω1, thus
τ∫
0
e−λt dk[1]ln (t)= (fln)∧τ (λ)R(λ,Aln)x∗(y)− e−λτR(λ,Aln)ux∗,ln(τ )(y).
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Consequently
c1(λ) := lim
n
R(λ,Aln)ux∗,ln(τ )(y)
exists in K, and
|c1(λ)| lim sup
n
‖R(λ,Aln)‖‖ux∗,ln(τ )‖‖y‖ const lim sup
n
‖R(λ,An)‖.
This implies that
lim sup
λ→∞
ln |c1(λ)|
λ
 0.
We obtain that
τ∫
0
e−λt dK[1](t)= fˆτ (λ)R(λ,A)x∗(y)− e−λτ c1(λ)
and in the same manner
τ∫
0
e−λt dM[1](t)= fˆτ (λ)R(λ,A)x∗(y)− e−λτ c2(λ),
where
lim sup
λ→∞
ln |c2(λ)|
λ
 0.
The Phragmén–Doetsch inversion formula shows K[1] = M[1] and K= M.
This shows limn kn(t)= K(t) for all t ∈ [0, τ ]. Consequently the function
vx∗ : [0, τ ]→X∗, vx∗(t)(y)= lim
n
ux∗,n(t)(y)
is well defined with ‖vx∗(t)‖  lim infn ‖ux∗,n(t)‖ by the Banach–Steinhaus
theorem.
To show that vx∗ is of bounded p-variation we let N ∈ N and 0  t0 < t1 <
· · ·< tN = τ . Then to ε > 0 there are yk ∈X with ‖yk‖ 1 such that
N−1∑
k=0
‖vx∗(tk+1)− vx∗(tk)‖p
(tk+1 − tk)p−1  ε+
N−1∑
k=0
|vx∗(tk+1)(yk)− vx∗(tk)(yk)|p
(tk+1 − tk)p−1 .
Thus
N−1∑
k=0
‖vx∗(tk+1)− vx∗(tk)‖p
(tk+1 − tk)p−1
 ε+ lim inf
n
N−1∑
k=0
|ux∗,n(tk+1)(yk)− ux∗,n(tk)(yk)|p
(tk+1 − tk)p−1
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 ε+ lim inf
n
N−1∑
k=0
‖ux∗,n(tk+1)− ux∗,n(tk)‖p
(tk+1 − tk)p−1
 ε+ lim inf
n
‖ux∗,n‖pVp .
This shows ‖vx∗‖Vp  lim infn ‖ux∗,n‖Vp .
From the theorem of Helly and Bray it follows that
τ∫
0
e−λt d
(
ux∗,n(t)(y)
) n→∞−→ τ∫
0
e−λt d
(
vx∗(t)(y)
)
and
τ∫
0
e−λt d
(
u
[1]
x∗,n(t)(y)
) n→∞−→ τ∫
0
e−λt d
(
v
[1]
x∗ (t)(y)
)
for all λ ∈K, x∗ ∈Z and y ∈X.
From the fundamental lemma it follows that
τ∫
0
e−λt d
(
u
[1]
x∗,n(t)(y)
)
= (fn)∧τ (λ)R(λ,An)x∗(y)− e−λτR(λ,An)ux∗,n(τ )(y)
for all y ∈X, λ > ω1, n > n0 and x∗ ∈ Z.
Thus, if λ ∈N with λ > max{ω1,ω},
τ∫
0
e−λt d
(
v
[1]
x∗ (t)(y)
)= fˆτ (λ)R(λ,A)x∗(y)− e−λτ c∗(λ)(y),
where
c∗(λ)(y) := lim
n
R(λ,An)ux∗,n(τ )(y)
satisfies lim supλ→∞(ln‖c∗(λ)‖X∗/λ) 0.
Therefore
τ∫
0
e−λt dv[1]x∗ (t)= fˆτ (λ)R(λ,A)x∗ − e−λτ c∗(λ).
This shows that, if λ ∈N with λ > max{ω1,ω} and x∗ ∈Z,
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A
( τ∫
0
e−λt dv[1]x∗ (t)+ e−λτ c∗(λ)
)
= fˆτ (λ)
(
λR(λ,A)x∗ − x∗)
= λ
τ∫
0
e−λt dv[1]x∗ (t)+ λe−λτ c∗(λ)− fˆτ (λ)x∗
=
τ∫
0
e−λt dvx∗(t)− e−λτvx∗(τ )+ λe−λτ c∗(λ)− fˆτ (λ)x∗.
Now the Phragmén–Doetsch inversion formula yields vx∗(t) ∈ Z, thus v[1]x∗ ∈
C1([0, τ ],Z), and
Av
[1]
x∗ (t)= vx∗(t)− f [1](t)x∗ for all t ∈ [0, τ ] and all x∗ ∈Z.
The uniqueness property follows from Ljubicˇ’s uniqueness theorem and Lemma 5,
since
‖R(λ,A)x∗‖ lim inf
n
‖R(λ,An)x∗‖ for all x∗ ∈Z. ✷
Corollary 7. Let τ > 0, Z ⊂ X∗ be a closed subspace, D(An) ⊂ X∗ some
subspaces, fn : [0, τ ]→ K a sequence of continuous functions converging in L1
to some function f such that conditions (2) and (3) are satisfied.
Suppose the closed operator An :D(An)→ Z generates a local fn-convoluted
semigroup Tn : [0, τ ]→ L(Z) with
sup
n
sup
0tτ
‖Tn(t)x∗‖<∞ for all x∗ ∈ Z.
Then there are numbers ω1 > 0 and n0 > 0 such that R(λ,An) exists for all
λ > ω1 and all n > n0.
If D(A) ⊂ Z is some subspace, A :D(A)→ Z is linear with N ∩ (ω,∞) ⊂
ρ(A) for some ω > 0 and with
R(λ,An)x
∗(x) n−→R(λ,A)x∗(x)
for all x∗ ∈ Z, all x ∈X and all λ ∈N with λ > max{ω1,ω}, then A generates a
local f [1]-convoluted semigroup on [0, τ ].
Proof. Let p =∞ (Theorem 6).
The abstract Cauchy problem
Anux∗,n(t)+ fn(t)x∗ = u′x∗,n(t) for almost all t ∈ [0, τ ],
ux∗,n(0)= 0,
ux∗,n ∈ V∞([0, τ ],Z) differentiable a.e. with u′x∗,n ∈L∞
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has a unique solution for all x∗ ∈ X∗, namely ux∗,n(t) =
∫ t
0 Tn(s)x
∗ ds, which
even is C1 and solves the problem for all t ∈ [0, τ ].
From u′x∗,n(t) = Tn(t)x∗ it follows that supn ‖u′x∗,n‖L∞[0,τ ] < ∞ for all
x∗ ∈ Z. Theorem 6 yields the result. ✷
Corollary 8. Let τ > 0, D(An)⊂ X∗ be some subspaces, and let An :D(An)→
X∗ generate a C0-semigroup (Tn(t))t0 with
sup
n
sup
0tτ
‖Tn(t)x∗‖<∞ for all x∗ ∈X∗.
Then there is some ω1 > 0 such that R(λ,An) exists for all λ > ω1 and all n.
If A :D(A)→X∗ is linear with N∩ (ω,∞)⊂ ρ(A) for some ω > 0 and with
R(λ,An)x
∗(x) n−→ R(λ,A)x∗(x)
for all x∗ ∈X∗, all x ∈X, and all λ ∈N with λ > max{ω1,ω}, then A generates
a 1-times integrated semigroup on [0, τ ].
The following example shows that in Corollary 8 the operator A need not
generate a C0-semigroup.
Example 9. Let X = 7∞ = 7∗1 be the space of all bounded real or complex se-
quences, τ > 0, (αj )j0 a sequence of scalars with M := supj Reαj <∞.
Then An :X→X given by
Anx = (α0x0, α1x1, . . . , αnxn,0,0, . . .)
generates a C0-semigroup, but the operator A :D(A)→X given by D(A)= {x ∈
7∞ | (αjxj )j ∈ 7∞} and
Ax = (α0x0, α1x1, . . .)
generates a C0-semigroup if and only if supj |αj |<∞ if and only if A ∈ L(X),
since otherwise D(A) is not dense in X. However, it always generates a 1-times
integrated semigroup on [0, τ ]:
Corollary 8 is applicable, since
Tn(t)x := u′x,n(t)= etAnx =
(
etα0x0, . . . , e
tαnxn, xn+1, xn+2, . . .
)
and therefore
sup
n
sup
0tτ
‖Tn(t)x‖<∞ for all x ∈ 7∞.
Moreover, σ(An)= {0} ∪ {α0, . . . , αn}, and
R(λ,An)x =
(
x0
λ− α0 , . . . ,
xn
λ− αn ,
xn+1
λ
,
xn+2
λ
, . . .
)
.
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Finally σ(A)= {α0, α1, . . .}, and
R(λ,A)x =
(
x0
λ− α0 ,
x1
λ− α1 , . . .
)
.
We note that in general (R(λ,An)x)n does not converge to R(λ,A)x; thus one
cannot apply Theorem 2.5 in [18], Theorem 5.4 in [19], Theorem 4.2 in [20],
Theorem 1 in [17], or the Trotter–Kato theorem [24].
In fact (R(λ,An)x)n in general does not converge weakly to R(λ,A)x , even
if A ∈ L(X). For example, let αj = 1 for all j and x := (1,1,1, . . .). Then the
sequence (R(λ,An)x −R(λ,A)x)n is no weak null sequence.
However, it always converges weak-∗:
If y ∈ 71, x ∈ 7∞, and λ large enough we have∣∣R(λ,A)x(y)−R(λ,An)x(y)∣∣=
∣∣∣∣∣
∞∑
j=n+1
αj xjyj
λ(λ− αj )
∣∣∣∣∣ n−→ 0.
This follows from
sup
Reα<M
sup
Reλ>M+ε
∣∣∣∣ αλ(λ− α)
∣∣∣∣<∞.
Moreover,AD(A) generates a C0-semigroup; this is a consequence of Theorem 11
below.
In the complex case we also can apply known generation theorems on
integrated semigroups based on estimates on the resolvent, but then must assume
in addition that there are c, d > 0 such that
Reαj  d − c|Imαj | for all j  0. (6)
In this case
inf
Reλ>δ
inf
j
∣∣∣∣1− αjλ
∣∣∣∣> 0 for all δ > d,
thus
sup
Reλ>d+1
‖λR(λ,A)‖ = 1
infReλ>d+1 infj |1− αj /λ| <∞.
From Corollary 20 in [14] it follows that, if K= C and condition (6) holds, then
A generates a 1-times integrated semigroup, and from Corollary 22 that AD(A)
generates a C0-semigroup.
Lemma 10. Under the assumptions of Theorem 6 we have
uR(λ,An)x∗,n(t)(y)
n−→ vR(λ,A)x∗(t)(y)=w′R(λ,A)x∗(t)(y)
for all λ ∈N with λ > max{ω1,ω}, for all t ∈ [0, τ ], all x∗ ∈Z, and all y ∈X.
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Proof. From the proof of Theorem 6 it follows that
s∫
0
e−λt du[1]x∗,n(t)(y)
= (fn)∧s (λ)R(λ,An)x∗(y)− e−λsR(λ,An)ux∗,n(s)(y)
for all λ ∈K, all s ∈ [0, τ ], all x∗ ∈ Z, all y ∈X, and all n > n0.
Thus
e−λs lim
n
([R(λ,An)ux∗,n(s)](y))
= fˆs (λ)R(λ,A)x∗(y)−
s∫
0
e−λt dv[1]x∗ (t)(y).
Moreover,
s∫
0
e−λt dv[1]x∗ (t)(y)= e−λsv[1]x∗ (s)(y)+ λ
s∫
0
e−λt dv[2]x∗ (t)(y)
= e−λsv[1]x∗ (s)(y)
+ λ((f [1])∧
s
(λ)R(λ,A)x∗(y)− e−λsR(λ,A)v[1]x∗ (s)(y)
)
= e−λsv[1]x∗ (s)(y)− e−λsf [1](s)R(λ,A)x∗(y)+ fˆs (λ)R(λ,A)x∗(y)
− λe−λsR(λ,A)v[1]x∗ (s)(y).
This shows that
lim
n
([R(λ,An)ux∗,n(s)](y))
= λR(λ,A)v[1]x∗ (s)(y)+ f [1](s)R(λ,A)x∗(y)− v[1]x∗ (s)(y)
= [R(λ,A)Av[1]x∗ (s)](y)+ f [1](s)R(λ,A)x∗(y)
=R(λ,A)(vx∗(s)− f [1](s)x∗)(y)+ f [1](s)R(λ,A)x∗(y)
=R(λ,A)vx∗(s)(y). ✷
Theorem 11. Let Z ⊂ X∗ be a closed subspace, D(An) ⊂ Z some subspaces,
An :D(An)→ Z be closed operators, τ > 0, and fn : [0, τ ] → K a uniformly
bounded sequence of continuous functions converging in L1 to some continuous
function f such that conditions (2) and (3) are satisfied.
Suppose An generates a local fn-convoluted semigroup Tn : [0, τ ] → L(Z)
satisfying
sup
n
sup
0tτ
‖Tn(t)x∗‖<∞ for all x∗ ∈Z.
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Then there are numbers ω1 > 0 and n0 > 0 such that R(λ,An) exists for all
λ > ω1 and all n > n0.
Let D(A) ⊂ Z be a subspace, A :D(A)→ Z be linear with N ∩ (ω,∞) ⊂
ρ(A) for some ω > 0 and with
R(λ,An)x
∗(x) n−→R(λ,A)x∗(x)
for all x∗ ∈ Z, all x ∈X and all λ ∈N with λ > max{ω1,ω}.
Then AD(A) generates a local f -convoluted semigroup; i.e., the abstract
Cauchy problem
Avx∗(t)+ f (t)x∗ = v′x∗(t) for all 0 t  τ,
vx∗(0)= 0,
vx∗ ∈ C1([0, τ ],D(A))
has a unique solution vx∗ for all x∗ ∈D(A).
Proof. If x∗ ∈ Z and n ∈ N let ux∗,n denote the solution of the abstract Cauchy
problem
Anux∗,n(t)+ fn(t)x∗ = u′x∗,n(t) for all 0 t  τ,
ux∗,n(0)= 0,
ux∗,n ∈C1([0, τ ],Z).
From Corollary 7 it follows that A generates a local f [1]-convoluted semigroup
on [0, τ ]; thus the abstract Cauchy problem
Avx∗(t)+ f (t)x∗ = v′x∗(t) for all 0 t  τ,
vx∗(0)= 0,
vx∗ ∈ C1([0, τ ],Z)
has a unique solution vx∗ for all x∗ ∈D(A). The function vx∗ ∈ V∞([0, τ ],Z) is
defined if x∗ ∈Z, and Avx∗ = vAx∗ if x∗ ∈D(A), see the proof of Theorem 6.
Using Proposition 8 in [14] we must show that
(i)
v′x∗(t) ∈D(A) for all x∗ ∈D(A) and all t ∈ [0, τ ]
and
(ii)
sup
0tτ
sup
x∗∈D(A)
‖x∗‖1
∥∥v′x∗(t)∥∥<∞.
(ad i) We have
v′x∗(t)= lim
h→0
vx∗(t + h)− vx∗(t)
h
∈D(A).
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(ad ii) Let
r := sup
n
sup
0tτ
sup
y∗∈Z
‖y∗‖1
∥∥u′y∗,n(t)∥∥X∗ <∞
and fix x∗ ∈D(A), y ∈X and t0 ∈ [0, τ ] with ‖x∗‖ 1 and ‖y‖ 1.
We show that |vAx∗(t0)(y)| 1+ r + supn ‖fn‖∞.
To this end let
ln(t) :=Anux∗,n(t)(y)− vAx∗(t)(y).
Then supn ‖ln‖∞ <∞, and the fundamental lemma shows that if λ,n ∈ N are
large enough then
τ∫
0
e−λtux∗,n(t) dt = (fn)∧τ (λ)R(λ,An)x∗ − e−λτR(λ,An)ux∗,n(τ )
and
τ∫
0
e−λtvx∗(t) dt = fˆτ (λ)R(λ,A)x∗ − e−λτR(λ,A)vx∗(τ ).
Thus
τ∫
0
e−λtAnux∗,n(t) dt = (fn)∧τ (λ)AnR(λ,An)x∗ − e−λτuAnR(λ,An)x∗,n(τ )
and
τ∫
0
e−λtvAx∗(t) dt = fˆτ (λ)R(λ,A)Ax∗ − e−λτ vAR(λ,A)x∗(τ ).
Using Lemma 10 it follows that
τ∫
0
e−λt ln(t) dt
n−→ 0
if λ ∈N is large enough. From supn ‖ln‖∞ <∞ it follows that
τ∫
0
h(t)ln(t) dt
n−→ 0 for all h ∈ L1([0, τ ],K),
since for all n1 > 0 the set {t → e−λt | λ ∈N, λ > n1} is total in L1([0, τ ],K).
We show that for all ε > 0 and all t ∈ [0, τ ] there is some subsequence (lnm)m
and numbers sm ∈ [t − ε, t + ε] ∩ [0, τ ] such that
lim inf
m
|lnm(sm)| = 0.
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We may assume K=R. For all subsequences (lnm)m we have
lim inf
m
lnm  0 lim sup
m
lnm almost everywhere on [t − ε, t + ε]
by Fatou’s lemma.
Thus if there is some subsequence (lnm)m such that lnm(s)  0 for all s ∈
[t − ε, t + ε] and all m we obtain lim infm |lnm(s)| = 0 for almost all s.
The same idea holds if there is some subsequence (lnm)m such that lnm(s) 0
for all s ∈ [t − ε, t + ε] and all m.
If no such subsequence exists then there is some m0 and numbers sm ∈
[t − ε, t + ε] such that lm(sm) = 0 for all m  m0, since ln is continuous. This
shows the existence of (lnm)m and (sm)m.
Since vAx∗(·)(y) is continuous there is some ε > 0 such that
|vAx∗(t0)(y)− vAx∗(s)(y)|< 1 for all s ∈ [0, τ ] with |s − t|< ε.
Consequently we obtain
|vAx∗(t0)(y)| 1+ |vAx∗(sm)(y)| for all m
 1+ |Anmux∗,nm(sm)(y)− vAx∗(sm)(y)|
+ |Anmux∗,nm(sm)(y)|,
thus
|vAx∗(t0)(y)| 1+ sup
m
∣∣u′x∗,nm(sm)(y)− fnm(sm)x∗(y)∣∣
 1+ r + sup
n
‖fn‖∞. ✷
Section 3
Theorem 12. Let Bn :D(Bn)→X be closed operators, let τ , p, fn, and f be as
in Theorem 6, and suppose the abstract Cauchy problem
Bnux,n(t)+ fn(t)x = u′x,n(t) for almost all t ∈ [0, τ ],
ux,n(0)= 0,
ux,n ∈ Vp([0, τ ],X) differentiable a.e. with u′x,n ∈ Lp
has unique solutions ux,n for all x ∈X and all n ∈N satisfying
sup
n
∥∥u′x,n∥∥Lp <∞ for all x ∈X.
Then there are numbers ω1 > 0 and n0 > 0 such that R(λ,Bn) exists for all
λ > ω1 and all n > n0.
If B :D(B)→X is linear with N ∩ (ω,∞)⊂ ρ(B) for some ω > 0 and with
x∗R(λ,Bn)x
n→∞−→ x∗R(λ,B)x
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for all x∗ ∈X∗, all x ∈X, and all λ ∈N with λ > max{ω1,ω}, then B generates
a local f [1]-convoluted semigroup (S(t))0tτ on [0, τ ], and
x∗
t∫
0
S(s)x ds = lim
n
x∗
t∫
0
ux,n(s) ds.
Proof. Let i :X ↪→X∗∗ denote the canonical inclusion, let Z := i(X), and apply
Theorem 6. ✷
Corollary 13. Let τ , fn, and f be as in Corollary 7, and suppose the closed op-
erator Bn :D(Bn)→X generates a local fn-convoluted semigroup Sn : [0, τ ]→
L(X) with
sup
n
sup
0tτ
‖Sn(t)x‖<∞ for all x ∈X.
Then there are numbers ω1 > 0 and n0 > 0 such that R(λ,Bn) exists for all
λ > ω1 and all n > n0.
If B :D(B)→X is linear with N∩ (ω,∞)⊂ ρ(B) for some ω > 0 and with
x∗R(λ,Bn)x
n→∞−→ x∗R(λ,B)x
for all x∗ ∈X∗, all x ∈X, and all λ ∈N with λ > max{ω1,ω}, then B generates
a local f [1]-convoluted semigroup (T (t))0tτ on [0, τ ].
Theorem 14. Let τ , fn, and f be as in Theorem 11, and suppose the closed op-
erator Bn :D(Bn)→X generates a local fn-convoluted semigroup (Sn(t))0tτ
satisfying
sup
n
sup
0tτ
‖Sn(t)x‖<∞ for all x ∈X.
Then there are numbers ω1 > 0 and n0 > 0 such that R(λ,Bn) exists for all
λ > ω1 and all n > n0.
If B :D(B)→X is linear with N∩ (ω,∞)⊂ ρ(B) for some ω > 0 and with
x∗R(λ,Bn)x
n→∞−→ x∗R(λ,B)x
for all x∗ ∈X∗, all x ∈X, and all λ ∈ N with λ > max{ω1,ω}, then BD(B) gen-
erates a local f -convoluted semigroup on [0, τ ].
Example 15. We return to Example 9 and consider operators Bn : c0 → c0 given
by
Bnx = (α0x0, α1x1, . . . , αnxn,0,0, . . .).
Then the operator B :D(B)→ c0 given by D(B)= {x ∈ c0 | limαj xj = 0} and
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Bx = (α0x0, α1x1, . . .)
generates a C0-semigroup by Theorem 14, since D(B) is dense in c0.
We have ‖R(λ,Bn)y −R(λ,B)y‖ n−→ 0 for all y ∈ c0, and
lim
j
|αj | =∞⇔AD(A) = B⇔D(A)= c0 ⇔D(A)⊂ c0.
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